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Finite generation conjectures for
cohomology over finite fields
Thomas Geisser⋆
Abstract W
e relate motivic cohomology, and Weil-etale cohomology, both of which
are finitely generated, by an intermediate cohomology theory, which we also
conjecture to be finitely generated, and examine the relationship of the three
theories.
1 Introduction
Bass conjectured that for a regular scheme X of finite type over the integers,
the higher algebraic K-groups are finitely generated [1]. Via the localization
sequence, this is equivalent to the finite generation of K ′i(X) for all X of
finite type over the integers. In view of the spectral sequence from higher
Chow groups to K ′-theory, it is a slightly stronger statement to conjecture
the finite generation of higher Chow groups CHn(X, i) for all X of finite
type over the integers. If we restrict ourselves to X of finite type over a finite
field, then this is equivalent to the finite generation of motivic cohomology
HiM(X,Z(n)) for smooth X [21]. Under resolution of singularities, it implies
finite generation of motivic cohomology for all X of finite type over a finite
field, as one sees from the blow-up long exact sequence.
Still for X of finite type over a finite field, LIchtenbaum’s Weil-etale co-
homology HiW (X,Z(n)) is defined as the cohomology of RΓGRΓet(X¯,Z(n)),
where G is the Weil-group of the finite field. Using ideas of Kahn, we showed
in [5] that the finite generation of HiW (X,Z(n)) for smooth and proper X is
equivalent to the strong form of Tate’s and Beilinson’s conjecture. However,
the groups HiW (X,Z(n)) are not finitely generated if X is not smooth or not
proper, and need to be modified in this case, see [6].
The purpose of this article is to relate the two finite generaton conjectures
with the help of an intermediate cohomology theory HiF (X,Z(n)), which we
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call Frobenius cohomology. It is defined as the cohomology of RΓGZ(n)(X¯),
where Z(n) is Bloch’s cycle complex shifted appropriately. There are natural
maps
HiM(X,Z(n))
α
→ HiF (X,Z(n))
g
→ HiW (X,Z(n)),
which can be studied separately. In fact they lie in a diagram
−−−−→ HiM(X,Z(n))
α
−−−−→ HiF (X,Z(n))
β
−−−−→ Hi−1K (X,Z(n))
γ
−−−−→
f
y g
y h
y
−−−−→ Hiet(X,Z(n)) −−−−→ H
i
W (X,Z(n)) −−−−→ H
i−1
M
(X,Q(n)) −−−−→
(1)
with groups HiK(X,Z(n)) = H
i(Z(n)(X¯)G) called Kato cohomology. They
are a generalization of the integral version of Kato homology [15] (which is
the case n = dimX) defined in [8]. We conjecture all groups in the upper row
of (1) to be finitely generated, and believe they form interesting invariants of
X . For example,H2nK (X,Z(n)) = CH
n(X¯)G, and under Parshin’s conjecture,
the groups HiK(X,Z(n)) vanish for i ≤ n and are torsion for i 6= 2n. The first
interesting example H3K(X,Z(2)) consists of those elements in the cokernel of
the integral cycle map CH2(X)→ H4et(X,Z(2)) which are in the image over
the algebraic closure, or in classical language those elements in the unramified
cohomology groupH3nr(X,Q/Z(2)) which vanish in H
3
nr(X¯,Q/Z(2)). Pirutka
[18] used an idea of Colliot-The´le`ne to construct an element in H3nr(X,Z/2)
for a geometrically rational surface (in all but finitely many characteristics),
providing a 2-torsion element in H3K(X,Z(2)).
Since the above theories exist for any scheme of finite type over a finite
field, we define them in this generality and later specialize to smooth projec-
tive X .
2 Borel Moore homology theory
We consider separated schemes of finite type over a finite field Fq of charac-
teristic p, and n ≥ 0 (the case n < 0 can be reduced to this case using the
homotopy formula). Let ϕ be the geometric Frobenius, and G = 〈ϕ〉 be the
Weil group of Fq. Let Z
c(n) be the cycle complex defined by Bloch shifted
by 2n, so that
Hi(Z
c(n)(X)) = CHn(X, i− 2n).
This agrees with motivic cohomology H2d−i
M
(X,Z(d − n)) for smooth X of
pure dimension d by [21].
Definition 2.1 Let A be an abelian group.
a) We define Hci (X,A(n)) to be Hi(Z
c(n)(X)⊗A).
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b) We define Frobenius homology HFi (X,A(n)) to be the homology of the double
complex
Zc(n)(X¯)⊗A
ϕ−1
−−−→ Zc(n)(X¯)⊗A.
Here ϕ acts covariantly in X¯ on cycles on X¯ × ∆i; the left and right hand
complexes sit in homological degrees 1 and 0, respectively.
c) The Kato homology HKi (X,A(n)) is defined to be the homology of the complex
of coinvariants
(
Zc(n)(X¯)⊗A
)
G
.
Note that HFi (X,Z/m(n)) is isomorphic to H
1−i(Gal(Fq),Z
c/m(n)(X¯))
because with torsion coefficients, Galois cohomology can be calculated by the
complex above. The following lemma follows from the definitions.
Lemma 2.2 The groups Hci (X,A(n)), H
F
i (X,A(n)) and H
K
i (X,A(n)) van-
ish for i < 2n. We have Hc2n(X,A(n))
∼= CHn(X)⊗A and
HK2n(X,A(n))
∼= HF2n(X,A(n))
∼=
(
CHn(X¯)⊗A
)
G
.
For all i, there are short exact sequences
0→ Hci (X¯, A(n))G → H
F
i (X,A(n))→ H
c
i−1(X¯, A(n))
G → 0. (2)
Proposition 2.3 We have an exact sequence
· · · → Hci (X,A(n))→ H
F
i+1(X,A(n))→ H
K
i+1(X,A(n))→ H
c
i−1(X,A(n))→ · · ·
(3)
All three theories are covariently functorial for proper maps, contravariantly
functorial for quasi-finite flat maps, and have localization long exact se-
quences.
Proof. This comes from the short exact sequence of double complexes
(
Zc(n)(X¯)⊗A
)G
−−−−→ Zc(n)(X¯)⊗A −−−−→ 0
y ϕ−1
y
y
0 −−−−→ Zc(n)(X¯)⊗A −−−−→
(
Zc(n)(X¯)⊗A
)
G
and Zc(n)(X) ⊗ A ∼=
(
Zc(n)(X¯) ⊗ A
)G
. Functoriality and the localiza-
tion property are well-known for cycle complexes, and this carries over to(
Zc(n)(X¯)⊗A
)
G
by an easy diagram chase. Q.E.D.
For a finitely generated field K of transcendence degree d over Fq, define
HiF (K,A(j)) to be colimH
F
2d+1−i(U,A(d−j)), where U runs through smooth
schemes with function fieldK. By (2), the cohomology groups ofK lie in short
exact sequences
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0→ Hs−t−1
M
(K ⊗Fq F¯q, A(s− n))G → H
s−t
F (K,A(s− n))→
Hs−t
M
(K ⊗Fq F¯q, A(s− n))
G → 0, (4)
where K ⊗Fq F¯q is a finite product of fields.
Proposition 2.4 We have functorial spectral sequences
E1s,t =
⊕
X(s)
Hs−t
M
(k(x), A(s − n))⇒ Hcs+t(X,A(n));
E¯1s,t =
⊕
X(s)
Hs−tF (k(x), A(s − n))⇒ H
F
s+t+1(X,A(n)).
Proof. This follows with the niveau filtration, together with the fact that
Hcs+t(K,A(n)) := colim
U
Hcs+t(U,A(n))
∼= Hs−tM (K,A(s− n))
and HFs+t+1(K,A(n))
∼= Hs−tF (K,A(s − n)) for a field K of transcendence
degree s over the base field. Q.E.D.
2.1 Integral coefficients
Conjecture 2.5 The groups Hci (X,Z(n)), H
F
i (X,Z(n)) and H
K
i (X,Z(n))
are finitely generated for any i, n and X.
By localization, it suffices to consider the case of smooth and proper X
(assuming that every finitely generated field over Fq has a smooth and proper
model). This case will be considered in detail below.
Recall from [4] Parshin’s conjecture Pn, stating that CHn(X, i) is torsion
for i 6= 0 and X smooth and projective.
Proposition 2.6 Assume Conjecture Pn. Then
Hs−t
M
(k,Z(s− n)) ∼= Hs−tF (k,Z(s − n))
for t ≥ n. For t = n − 1, the left hand side vanishes, and Hs−n+1F (k,Z(s −
n)) ∼= KMs−n(k ⊗Fq F¯q)G. For t < n− 1, both sides vanish.
Proof. It suffices to show that the second map and the composition
Hs−t
M
(k,Z(s− n))→ Hs−tF (k,Z(s− n))→ H
s−t
et (k,Z(s− n))
are isomorphism for t ≥ n. The total composition is an isomorphism for
t ≥ n − 1 by the Beilinson-Lichtenbaum conjectures. For the second map,
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we compare (4) to the analog short exact sequence for etale cohomology. By
Parshin’s conjecture, the groups HiM(k,Z(s−n)) are torsion for i < s−n, so
that Galois cohomology and cohomology of the Weil-group G agree for those
groups. The result now follows with the Beilinson-Lichtenbaum conjectures
by comparing (4) with the Hochschild-Serre spectral sequence for Galois co-
homology (for the finite product of fields k ⊗Fq F¯q). Q.E.D.
Definition 2.7 We define the Kato complex KCn(X) of weight n to be the
complex
⊕
X(n)
Z←
⊕
X(n+1)
(k(x)⊗Fq F¯q)
×
G ← · · · ←
⊕
X(s)
KMs−n(k(x) ⊗Fq F¯q)G ← · · · ,
with the summand indexed by X(s) in degree s − n. The differentials are
induced by boundary maps of higher Chow groups of discrete valuation rings.
Corollary 2.8 Assuming conjecture Pn, we have
HKi (X,Z(n))
∼= Hi−2n(KCn(X)).
In particular, HKi (X,Z(n)) vanishes unless 2n ≤ i ≤ n+ d.
Proof. Compare the spectral sequences of Proposition 2.4 and use Proposi-
tion 2.6. Q.E.D.
2.2 Finite coefficients
Considering finite coefficients allows us to remove the hypothesis on Parshin’s
conjecture and to compare to etale homology. Recall the sequence (3)
· · · → Hci (X,Z/m(n))
α
→ HFi+1(X,Z/m(n))
β
→ HKi+1(X,Z/m(n))→ · · · (5)
Conjecture 2.5 implies the weaker
Conjecture 2.9 All terms in the (5) are finite for all i, n,X.
Let f : X → Fq be the structure map.
Definition 2.10 For p 6 |m we define Heti (X,Z/m(n)) as the (Borel-Moore)
etale homology H−i(Xet, Rf
!µ⊗−nm ) = H
−i(Gal(Fq), RΓet(X¯, Rf
!µ⊗−nm )).
Since Gal(Fq) has cohomological dimension 1 and Rf
!µ⊗−nm is concen-
trated in negative degrees, we have
Lemma 2.11 The groups Heti (X,Z/m(n)) vanish for i < −1.
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Writing Zc/m(n) for Zc(n)⊗ Z/m, we showed in [7]:
Theorem 2.12 We have Rf !Z/m ∼= Zc/m(0) for any m. In particular
Heti (X,Z/m(n)) agrees with the −ith etale hypercohomology of Z
c/m(n) if
p 6 |m and n ≤ 0.
If p 6 |m and k contains the m-th roots of unity, then cap-product with
Z/m(1)(k) ∼= µm(k), defines a map f
∗µm ⊗ Z
c/m(n) → Zc/m(n − 1) of
complexes of sheaves on X/k, inducing a map
Zc/m(n)→ f∗µ⊗−nm ⊗ Z
c/m(0) ∼= f∗µ⊗−nm ⊗Rf
!Z/m ∼= Rf !µ⊗−nm .
This map is in general not an isomorphism for n > 0; for example, the left
hand side vanishes for n > dimX , but the right hand side is periodic in n.
This construction induces a a map
Zc/m(n)(X¯)→ RΓet(X¯,Z
c/m(n))→ RΓet(X¯, Rf
!µ⊗−n),
hence
γ : HFi+1(X,Z/m(n))→ H
et
i (X,Z/m(n))
by taking the cone of ϕ − 1. The shift in degrees stems from homological
notation for Galois cohomology for the former, and cohomological notation
for the latter.
Theorem 2.13 Let n = 0. Then Conjecture 2.9 holds for p 6 |m, and for any
m under resolution of singularities.
Proof. If n = 0, then γ is an isomorphism by [7], hence Frobenius homology
is finite. But by Jannsen-Kerz-Saito [16], Kato homology is finite.
If m = pr, then Kato homology is finite under resolution of singularities.
To show finiteness of Frobenius homology, one reduces by the usual devis-
sage to the case that X is smooth and proper of dimension d. In this case,
γ is an isomorphic to the finite group Hd−iet (X, ν
d
r ) by Theorem 2.12 and the
isomorphism Zc/pr(0) ∼= νdr [d]. Q.E.D.
As in Proposition 2.4, we obtain
Proposition 2.14 For p 6 |m we have a spectral sequence
E˜1s,t =
⊕
X(s)
Hs−tet (k(x), µ
⊗s−n
m )⇒ H
et
s+t(X,Z/m(n)) (6)
The E˜1-terms lie in short exact sequences
0→ Hs−t−1et (k(x) ⊗Fq F¯q, µ
⊗s−n
m )G → H
s−t
et (k(x), µ
⊗s−n
m )→
Hs−tet (k(x) ⊗Fq F¯q, µ
⊗s−n
m )
G → 0. (7)
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Proposition 2.15 For k a field of transcendence degree s over Fq and p 6 |m,
Hs−t
M
(k,Z/m(s− n)) ∼= Hs−tF (k,Z/m(s− n))
∼= Hs−tet (k, µ
⊗s−n
m )
for t ≥ n. The left term vanishes for t < n, the middle term vanishes for
t < n− 1 and
Hs−n+1F (k,Z/m(s−n))
∼= Hs−nM (k⊗Fq F¯q,Z/m(s−n))G ⊆ H
s−n+1
et (k, µ
⊗s−n
m )
The right term vanishes for t < −1.
Proof. It suffices to show that the maps
Hs−t
M
(k,Z/m(s− n))→ Hs−tF (k,Z(s− n))→ H
s−t
et (k,Z/m(s− n))
are isomorphism for t ≥ n. The total composition is an isomorphism by the
Beilinson-Lichtenbaum conjectures. Comparing the sequences (4) and (7), it
follows that the second map is an isomorphism by the Beilinson-Lichtenbaum
conjectures for the finite product of fields k ⊗Fq F¯q. Q.E.D.
Definition 2.16 We define KCn/m(X) to be the complex
⊕
X(n)
Z/m←
⊕
X(n+1)
H1et(k(x) ⊗Fq F¯q,Z/m(1))G ← · · ·
←
⊕
X(s)
Hs−net (k(x)⊗Fq F¯q,Z/m(s− n))G ← · · · , (8)
with the summand indexed by X(s) in degree s− n.
As in the integral case we obtain:
Corollary 2.17 We have
HKi (X,Z/m(n))
∼= Hi−2n(KCn/m(X)),
and theses groups vanish unless 2n ≤ i ≤ n+ d.
3 Smooth and proper X
In this section we assume that X is smooth and proper over Fq, and discuss
what other conjectures (like Parshin’s conjecture) imply for the cohomology
groups defined above. We use cohomological notation because readers may
be more familiar with it. Let Z(n) be Bloch’s higher cycle complex indexed
by codimension, so that Z(n)(X)i = zn(X, 2n − i) and HiZar(X,Z(n)) =
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CHd−n(X, 2n− i) is motivic cohomology for smooth X of pure dimension d.
If X is smooth of pure dimension d, we set
HiF (X,A(n)) = H
F
2d+1−i(X,A(d− n)) (9)
HiK(X,A(n)) = H
K
2d−i(X,A(d− n)). (10)
The following are reformulations of Lemma 2.2:
Lemma 3.1 The groups HiF (X,A(n)) vanish for i > 2n+ 1, and in general
there are short exact sequences
0→ Hi−1
M
(X¯, A(n))G → H
i
F (X,A(n))→ H
i
M(X¯, A(n))
G → 0.
The groups HiK(X,A(n)) vanish for i > 2n, and
H2nK (X,A(n))
∼= H2n+1F (X,A(n))
∼=
(
CHn(X¯)⊗A
)
G
.
Proposition 3.2 We have a commutative diagram with exact rows
−−−−→ HiM(X,Z(n))
α
−−−−→ Hi
F
(X,Z(n))
β
−−−−→ Hi−1
K
(X,Z(n))
γ
−−−−→
f
y g
y h
y
−−−−→ Hiet(X,Z(n)) −−−−→ H
i
W
(X,Z(n)) −−−−→ Hi−1
M
(X,Q(n)) −−−−→
(11)
Proof. The upper row is exact by Proposition 2.3, and the lower row is the
exact sequence relating etale cohomology to Weil-etale cohomology [5]. The
maps f and g are induced by the change of topology from the Zariski to the
etale site. Q.E.D.
Remark. The vertical maps are isomorphisms after tensoring with Q, because
motivic cohomology and etale hypercohomology of the motivic complex agree
with rational coefficients.
Conjecture 3.3 The bold face terms are finitely generated for all i, n and
X.
Finite generation of HiM(X,Z(n)) is a generalization of Bass’ conjecture,
and finite generation of HiW (X,Z(n)) is equivalent to Tate’s and Beilinson’s
conjecture. Lichtenbaum conjectured [17] also finite generation for the etale
cohomology groups, except H2n+2et (X,Z(n))
∼= H2(Gk, H
2n
et (X¯,Z(n))):
Conjecture 3.4 The group Hiet(X,Z(n)) is finite for all i 6= 2n, 2n + 1,
finitely generated for all i = 2n, and of cofinite type for i = 2n+ 2.
Lemma 3.5 The map h : HiK(X,Z(n)) → H
i
M(X,Q(n)) is bijective for
i < n and injective for i = n.
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Proof. By the Beilinson-Lichtenbaum conjectures, both the map f as well as
the map g are isomorphism for i ≤ n+ 1 and injective for i = n+ 2. Q.E.D.
3.1 The case n = 0, 1, 2, d
Conjecture 3.3 holds for n = 0. In fact we have HiF (X,Z)
∼= HiW (X,Z)
∼= Z
for i = 0, 1, H0K(X,Z)
∼= H0M(X,Z)
∼= Z, and all other homology groups
vanish.
Proposition 3.6 Let n = 1.
a) For i = 1, the four left groups in (11) are isomorphic to OX(X)
×, and
for i = 2, they are isomorphic to Pic(X).
b) The groups HiK(X,Z(1)) vanish for i 6= 2, and H
2
K(X,Z(1))
∼= NS(X¯)G.
c) For i = 3,
H3M(X,Z(1)) = 0
H3et(X,Z(1))
∼= Br(X)
H3F (X,Z(1))
∼= NS(X¯)G,
and H3W (X,Z(1)) is an extension of Br(X¯)
G by NS(X¯)G.
d) All groups in (11) are finitely generated, except possibly H3et(X,Z(1))
∼=
Br(X) and H3W (X,Z(1)), whose finiteness is equivalent to Tate’s conjecture
for divisors.
Proof. This follows from Z(1) ∼= Gm[−1], Lemma 3.1 and (Pic
0 X¯)G = 0.
Q.E.D.
Now consider the case n = 2. According to Parshin’s conjecture and
Lemma 3.5, the groups HiK(X,Z(2)) vanish for i ≤ 2, and H
4
K(X,Z(2))
∼=
CH2(X¯)G. To describe the remaining group, let ǫ : Xet → XZar be the canon-
ical map of sites, and τ the composition of the boundary map in the lower
row of (11) with the composition
H4et(X,Z(2))→ H
0(X,R4ǫ∗Z(2)) ∼= H
0(X,R3ǫ∗Q/Z(2)) = H
3
nr(X,Q/Z(2)).
The last term is known under the name unramified cohomology.
Proposition 3.7 The group torH
3
K(X,Z(2)) is isomorphic to the cohomol-
ogy of the sequence
H2M(X,Q(2))
τ
→ H3nr(X,Q/Z(2))→ H
3
nr(X¯,Q/Z(2))
G.
Proof. The first statement follows from a diagram chase in (11), noting that
due to the Beilinson-Lichtenbaum conjecture the maps f and g are injective,
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coker f = H0(X,R4ǫ∗Z(2)) and
coker g = coker
(
H4M(X¯,Z(2))
G → H4et(X¯,Z(2))
G
)
⊆ H0(X¯, R4ǫ∗Z(2))
G.
Q.E.D.
Corollary 3.8 Under Parshin’s conjecture there is an exact sequence
0→ H3K(X,Z(2))→ H
3
nr(X,Q/Z(2))→ H
3
nr(X¯,Q,Z(2))
G.
Thus torH
3
K(X,Z(2)) consists of those elements in the cokernel of the integral
cyle map, whose pull back to the algebraic closure H4et(X¯,Z(2)) lie in the
image of the cycle map CHn(X¯)→ H2net (X¯,Z(n)).
Proof. Under Parshin’s conjecture, H3k(X,Z(2)) is torsion. Furthermore,
coker f is the obstruction to the integral Tate conjecture, and coker g is the
cokernel of the map CH2(X¯)G → H4et(X¯,Z(2))
G. Q.E.D.
Corollary 3.9 If X is geometrically rational, then there are isomorphisms
H3nr(X,Q/Z(2))
∼= H3K(X,Z(2)).
Proof. For rational Z over a field k, we haveH3nr(Z,Q/Z(2)) = H
3
et(k,Q/Z(2)),
and H2M(Z,Q(2))
∼= H0(Z,H2(Q(2))) ∼= H2M(k,Q(2)) by [3, 2.1.9], and for
k the algebraic closure of a finite field these groups vanish. Q.E.D.
Pirutka [18] constructed an element in H3nr(X,Z/2) for X a geometrically
birational variety of dimension 5, giving a non-trivial 2-torsion element in
H3K(X,Z(2)).
The following result is a consequence of the work of Jannsen, Kerz and
Saito, see [8]:
Theorem 3.10 If n = dimX, then Conjecture 3.3 is equivalent to conjecture
P0. In this case, H
i
K(X,Z(n)) = 0 for i 6= 2n, and H
2n
K (X,Z(n))
∼= Zπ0(X).
3.2 Assuming Parshin’s conjecture
The cohomological Parshin conjecture Pn of [9] states that HiM(X,Q(n)) = 0
for smooth and proper X and i 6= 2n. This is equivalent to isomorphisms
Hiet(X,Z(n))
∼= HiW (X,Z(n)) for i ≤ 2n, and injectivity in degree 2n+ 1 by
[5]. By Lemma 3.5, Parshin’s conjecture implies that the groupsHiK(X,Z(n))
vanish for i ≤ n if n > 0, and that they torsion for i ≤ 2n. Diagram (11) for
i < 2n becomes
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−−−−→ HiM(X,Z(n)) −−−−→ H
i
F (X,Z(n)) −−−−→ H
i−1
K (X,Z(n))→ · · ·y
y
Hiet(X,Z(n)) H
i
W (X,Z(n))
(12)
In degree 2n+ 1 we get
0 −−−−→ CHn(X¯)ϕ H
2n
K (X,Z(n)) −−−−→ 0y
y
y
y
H2n+1et (X,Z(n))
inj
−−−−→ H2n+1W (X,Z(n)) −−−−→ CH
n(X)Q −−−−→ H
2n+2
et (X,Z(n))
The cokernel of the lower right horizontal map is the (conjecturally finite)
group H2n+2W (X,Z(n)). In degree 2n we have
H2n−2K (X,Z(n)) −−−−→ CH
n(X)
α
−−−−→ H2nF (X,Z(n)) −−−−→ H
2n−1
K (X,Z(n))→ 0
f
y g
y
H2net (X,Z(n)) H
2n
W (X,Z(n))
(13)
We get an exact sequence
H2n−2K (X,Z(n))→ ker f → ker g → H
2n−1
K (X,Z(n))→ coker f → coker g → 0.
By Corollary 5.4 below, f has conjecturally the same kernel and cokernel
as the cycle map, whereas g is related to the cycle map over the algebraic
closure:
0 −−−−→ H2n−1
M
(X¯,Z(n))G −−−−→ H
2n
F (X,Z(n)) −−−−→ CH
n(X¯)G −−−−→ 0
y g
y
y
0 −−−−→ H2n−1et (X¯,Z(n))G −−−−→ H
2n
W (X,Z(n)) −−−−→ H
2n
et (X¯,Z(n))
G −−−−→ 0
Thus Kato homology measures the difference of the failure of the integral
Tate conjecture over Fq and over its algebraic closure.
4 The algebraic closure of a finite field
As we saw, the mapHiM(X,Z(n))→ H
i
F (X,Z(n)) is controlled byH
i
K(X,Z(n)).
The mapsHiF (X,Z(n))→ H
i
W (X,Z(n)) andH
i
F (X,Z/m(n))→ H
i
et(X,Z/m(n))
arise by taking Galois descent on the maps
HiM(X¯,Z(n))→ H
i
et(X¯,Z(n)).
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It is thus important to get some ideas of the properties of this map. Since it
is an isomorphism rationally, we focus on finite coefficients.
Assume that p 6 |m. By the proper base change theorem, Hiet(X¯,Z/m(n))
is finite, and replacing Z/m(n) by µ⊗nm , we have a localization long exact
sequence (the difference is that the latter is non-trivial for negative n). The
question is ifHiM(X¯,Z/m(n)) is finite. There are examples of Schoen showing
that for certain threefolds over an algebraically closed field of characteristic 0,
the group CH2(X¯)/l is not finite, which implies that H4M(X¯,Z/l(2)) cannot
be finite. However, we are not aware of any examples in characteristic p.
For N ≥ i, consider the following diagram
HiM(X¯,Z/m(n)) −−−−→ H
i
et(X¯, µ
⊗n
m )
∪βN−n
y
∥∥∥
HiM(X¯,Z/m(N)) H
i
et(X¯, µ
⊗N
m ).
The lower row is an isomorphism by the Beilinson-Lichtenbaum conjecture,
and finiteness of HiM(X¯,Z/m(n)) is equivalent to finiteness of the kernel of
the cup-product with the Bott-element.
If p = char k, then Hiet(X¯,Z/p(n)) has no localization long exact se-
quence. The groups H2et(X¯,Z/p(1)) and H
3
et(X¯,Z/p(1)) both contain the
non-divisible p-torsion of the Brauer group H3(X¯et,Z(1)). For a supersingu-
lar abelian surface, this group contains the field F¯q, hence is not finitely gener-
ated (however, its Galois invariants and coinvariants are finite). According to
Milne, the unipotent part of Hi(Xet,Z/p(n)) and H
2d+1−i(Xet,Z/p(d− n))
are in duality. There is a long exact sequence
· · · → HiM(X¯,Z/p(n))→ H
i
et(X¯,Z/p(n))→ H
i−1−n
Zar (X¯, R
1ǫ∗ν
n)→ · · · .
By the above example, H0Zar(X¯, R
1ǫ∗ν
1) and H1Zar(X¯, R
1ǫ∗ν
1) are infinite,
but we don’t know any example where HjZar(X¯, R
1ǫ∗ν
n) is infinite for j 6=
n− 1, n.
Regarding the integral structure of motivic cohomology, it is an interesting
question if there is a presentation of the form
HiM(X¯,Z(n))
∼= Zr ⊕ (Q/Z′)c ⊕ (Qp/Zp)
cp ⊕ (finite)
with r = 0 unless i = 2n. In this case, c would be independent of n as soon
as n ≥ i, and it would be interesting to study the variation of c for n < i.
The analog statement for etale cohomology is wrong due to unipotent groups
appearing, see the Brauer groups above.
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5 The integral Tate conjecture
In this section, X is smooth and proper over a finite field Fq.
Proposition 5.1 Fix an integer n and a scheme X, and consider the fol-
lowing statements:
a) Lichtenbaum’s conjecture 3.4.
b) The groups HiW (X,Z(n)) are finitely generated.
c) Parshin’s conjecture.
Then a)⇔ b)⇒ c).
Proof. a) ⇒ c) This follows because Hiet(X,Q(n))
∼= HiM(X,Q(n)), and the
former vanishes for i 6= 2n by hypothesis.
To show the equivalence of a) and b) we can assume Parshin’s conjecture,
and consider the exact sequence of [5]
· · · → Hiet(X,Z(n))→ H
i
W (X,Z(n))→ H
i−1
M
(X,Q(n))→ · · · .
Then a) and b) imply each other for i ≤ 2n and i > 2n+ 2, and we are left
with
0→ H2n+1et (X,Z(n))→ H
2n+1
W (X,Z(n))→ H
2n
M(X,Q(n))
→ H2n+2et (X,Z(n))→ H
2n+2
W (X,Z(n))→ 0.
By the Weil-conjectures and counting coranks one sees that the corank C of
H2n+2et (X,Z(n))
∼= H2n+1et (X,Q/Z(n)) and of H
2n
et (X,Q/Z(n)) agree.
a) ⇒ b): Finiteness of H2n+1et (X,Z(n)) implies that C agrees with the di-
mension ofH2net (X,Q(n)), and sinceH
2n+2
et (X,Z(n)) is torsion,H
2n+1
W (X,Z(n))/tor
must be a lattice of the same rank. Moreover H2nM(X,Q(n)) surjects onto the
divisible part of H2n+2et (X,Z(n)), hence H
2n+2
W (X,Z(n)) is finite.
b) ⇒ a) We see that H2n+1et (X,Z(n)) is finite, because H
2n+1
W (X,Q(n))
∼=
H2n(X,Q(n)) [5]. For the same reason,H2n+2et (X,Z(n)) is an extension of the
finite group H2n+2W (X,Z(n)) and a torsion divisible group of finite corank.
Q.E.D.
Let us relate the cycle map to the change of topology map for motivic
cohomology. Using the functorial identification Z/m(n) ∼= µ⊗nm for char k 6 |m
of [11] and Z/pr(n) ∼= νnr [−n] of [10], the l-adic cycle map can be factored as
follows:
c : HiM(X,Z(n))⊗Zl
u
→ Hiet(X,Z(n))⊗Zl
v
→ Hiet(X,Z(n))
∧l w→֒ Hiet(X, Zˆl(n)).
Here we write A∧l for the l-adic completion, and Hiet(X, Zˆl(n)) for the l-adic
cohomology limHiet(X,Z/l
r(n)) to distinguish it from the hypercohomology
of Z(n)⊗ Zl.
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Lemma 5.2 The completion map v is surjective.
Proof. The Zl-module H
i
et(X,Z(n))
∧l ⊆ Hiet(X, Zˆl(n)) is finitely generated
and the cokernel of v is l-divsible by [12, (4.2)], hence must be trivial. Q.E.D.
Proposition 5.3 We have an exact sequence
0→ keru→ ker c→ div Hiet(X,Z(n))⊗ Zl
→ cokeru→ coker c→ TlH
i+1(Xet,Z(n))→ 0.
The groups keru and cokeru are torsion.
Proof. This is the kernel-cokernel sequence of the composition c = (wv) ◦ u.
The kernel of wv is the kernel of v, which is the group of divisible elements of
Hiet(X,Z(n))⊗ Zl. The cokernel of wv is the Tate module TlH
i+1(X,Z(n)).
Q.E.D.
Corollary 5.4 Under Conjecture 3.4, the kernel and cokernel of u are equal
to the kernel and cokernel of the cycle map, respectively.
Proof. If i 6= 2n, then all groups in the factorization of c are expected to
be finite, and v and w are isomorphisms. The cycle map CHn(X) ⊗ Zl →
H2net (X, Zˆl(n)) is rationally surjective if and only if TlH
i+1(X,Z(n)) vanishes,
hence Tate’s conjecture is equivalent to DivH2n+1et (X,Z(n)) torsion free. It
is rationally injective (Beilinson’s conjecture) if and only if divH2net (X,Z(n))
is torsion. Q.E.D.
Considering the diagram
H2n−1
M
(X,Q/Z(n))
inj
−−−−→ H2nM(X,Z(n)) −−−−→ H
2n
M(X,Q(n))
surj
−−−−→ H2nM(X,Q/Z(n))
r
y u
y
∥∥∥ s
y
H2n−1et (X,Q/Z(n))
inj
−−−−→ H2net (X,Z(n)) −−−−→ H
2n
et (X,Q(n)) −−−−→ H
2n
et (X,Q/Z(n)),
we obtain a short exact sequence 0→ coker r→ cokeru→ ker s→ 0, and all
three groups are conjecturally finite.
5.1 The algebraic closure of a finite field
Tate’s original conjecture involved cycles over the algebraic closure and taking
invariants under the Galois group. Let Xr = X ×Fq Fqr , Gr = Gal(F¯q/Fqr )
and consider the colimit over the composition
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HiM(Xr,Z(n))⊗ Zl
u
→ Hiet(Xr,Z(n))⊗ Zl
v
։ Hiet(Xr,Z(n))
∧l w→֒
Hiet(Xr, Zˆl(n))
x
։ Hiet(X¯, Zˆl(n))
Gr . (14)
It is clear that the first two groups commute with the colimit in r, so
if we write γ∗M = colimM
Gr for the largest continuous submodule of a
Galois-module, then the colimit takes the form
c¯ : HiM(X¯,Z(n))⊗ Zl
u¯
→ Hiet(X¯,Z(n))⊗ Zl
v¯
։ colimHiet(Xr,Z(n))
∧l w¯→֒
colimHiet(Xr, Zˆl(n))։ γ∗H
i
et(X¯, Zˆl(n)). (15)
Corollary 5.5 Under Conjecture 3.4, coker c¯ = coker u¯.
Note that surjectivity of v implies that colimHiet(Xr,Z(n))
∧l surjects onto
Hiet(X¯,Z(n))
∧l, but the example of Br(X) = H3et(X,Z(1)) shows that this
surjection is not an isomorphism in general.
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